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We extend to finite fields in general the results proved, in a recent paper (J. 
Number Theory 9 (1977)) with the same title as the current work, by Chowla, 
Cowles, and Cowles for the prime fields. The results concern the dependence on 
s of the number of solutions of the equation x13 + xzS + ... + xSs = 0. We 
also give results for the equation xl4 + xz4 + ... + -Y,’ = 0. 
In [l], Chowla, Cowles, and Cowles determine the number of solutions of 
the equation 
in the field of p elements, lF, . We extend the result to the field of q elements, 
IF, , where q = pa. Let M, be the number of such solutions. If q E 2 (mod 3) 
then every element of IF, is a cube, and M, = q5-l; henceforward we consider 
only the case q = 1 (mod 3). 
We show that the sequence of the M, satisfies a linear recurrence and that 
(taking M,, = 1 for convenience) 
Here c is the unique number such that 4q = c2 + 27d2, c = 1 (mod 3), and, 
if p = 1 (mod 3), then (c, p) = 1. We note that our result, and much (but 
not all!) of its proof, can be obtained from that of Chowla, Cowles, and 
Cowles simply by replacing p throughout by q. 
The following lemma is the finite field analogue of the first lemma of [l]. 
LEMMA 1. Let p be a prime, let q = p”, let IF, be the field of q elements, let 
F$ be its multiplicative group, let y be any element of IF, , and let Tr be the 
trace map, Tr : F, --j. IF, . Then 
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,z* exp((2ni Tr xy)/p) = g - 1 if y = 0, 
s 
=--- 1 if y # 0. 
Proof: If y = 0 then each of the 4 - 1 terms in the sum is 1. If y # 0 
then 
%;, exp((2rri Tr xy)/p) = & exP((2+ Tr 2)/P) 
g r 
= ; zi exp((2&)/p) = 0, 
and the result follows immediately. 
Now for x E lF,$ define S, = CYEFa exp((2+ Tr xy”)/&, and 
LEMMA 2. P, = qM, - q8. 
ProoJ We have 
= z --- C c exp((2ri Tr x(yr3 + **a + ys”))/p). 
y, CT 
Applying Lemma 1 to the innermost sum yields 
p, = (q - 1) M, - (q8 - M3 = 4M8 - QS* 
Now let g generate F$. We note that for x E Ff we have S, equal to S, , S, , 
or Spz, according as x = y3, x = gy3, or x = g2y3 for some y in IF:. It follows 
that 
p,= q--l ---j-- tq + S,” + q*). t*) 
LEMMA 3. S, , S, , and Sgz are the roots of the equation 
zs - 3qz - qc = 0, 
where c is uniquely determined by 
4q = c2 + 27d2, c 3 1 (mod 3), and, ifp E 1 (mod 3), then (c, p) = 1. 
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ProoJ This is Theorem 13 of [3]. The proof given there follows that 
given by Gauss [2] in the case q = p. The hardest part of extending Gauss’ 
result to the case q = pm, 01 > 1, lies in proving that, if p = 1 (mod 3), then 
c must be chosen prime top. This was done by Storer [4]. 
LEMMA 4. The numbers P, satisfy the recurrence relation 
P, -: 3qP,-, + qcP,-, ) P, = q - 1, P, = 0, P, = 2q(q - 1). 
Proof. By Lemma 3, Si = 3qSi-’ + qcSzT3. Summing on x yields 
f’s = W,-, + qcP,-3 . BY (*>, Po = [(q - 1)/31(3) = q - 1; P, = Kq - I)/31 
(S, + S, + S,,) = 0 by Lemma 3; and P, = [(q - 1)/3] (S,” + S,” + S$) = 
Kq - I)/31 KS, + s&l + S,$ - WJ, + W,~ + x&)l = K4 - 1)/31 
(-2(-3q)) = 2q(q - 1) by Lemma 3. 
THEOREM 5. 
Proof. By Lemma 2, 
-f M,XS = ; (Z q*xs + -f .,,.) 
a=0 8 0 .¶=O 
By Lemma 4, 
(1 - 3qx2 - qcX3) f P&Y8 = P, + PJ + (Pz - 3qPo) x2 
a=0 
Thus, 
= q - 1 - q(q - 1) x2. 
-f p,x* = 
q - 1 - q(q - 1) x2 
S=O 
1 - 3qx2 - qcx3 ’ 
and the theorem follows. 
In the special case p 3 2 (mod 3), q = p” = p2y = 1 (mod 3), we have 
c = f2pY, where the choice of signs is made so as to insure c E 1 (mod 3). 
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In this case the denominator of the rational function CgmO P,Xs factors 
completely over the rationals, and we can write 
pJ.Q = ; ( 1 _’ qx + (4 - lx1 - qX2) 
(1 + WXXI F p’V 
), 
choosing the upper sign if y is even, the lower if y is odd. 
In [l] it is shown that, for any function f on IF, , if N, is the number of 
solutions of 
in IF, then CzS1 N,XS is a rational function of X. This theorem also extends 
immediately to IF, , q = p”, 01 > 1; one has simply to replace p everywhere 
by q in both the statement and the proof, inserting “Tr” where necessary. 
As another illustration of these methods, we investigate N, , the number 
of solutions of the equation 
Xl4 + xe4 + a*- + jy,4 = 0 
in lFQ . We assume q = 1 (mod 4). 
For x E lF$ define T, = CYEFg exp((2ni Tr xy4)/p), and H, = CrsF; (TZ)8. 
LEMMA 6. H, = qN, - q8. 
ProoJ: Exactly as done for Lemma 2. 
LEMMA 7. Tl , T, , T,z , and T,s are the roots of the equation 
z4 - 6qz2 + 8qrz + q2 - 4qr2 if q = 1 (mod 8), 
z4 + 2qz2 + 8qrz + 9q2 - 4qr2 if q = 5 (mod 8), 
where r is uniquely determined by 
q = r2 + 4t2, r = 1 (mod 4), and, ifp = 1 (mod 4), then (r, p) = 1, 
Proof. This is Theorem 14 of [3]. As with Lemma 3, the proof uses the 
methods of Gauss and an important result of Storer. 
LEMMA 8. The numbers H, satisfy the recurrence relation 
H, = 6qH,-, - 8qrH+, - (qa - 4qr2) Hse4 , H,, = q - 1, HI = 0, 
H2 = 3q(q - l), H3 = -6qr(q - l), if q = 1 (mod 8), 
H, = -2qH,-, - 8qrH,-, - (9qa - 4qr2) Hs-4 , H, = q - 1, 
HI = 0, H, = -q(q - l), H3 = -6qr(q - l), if q = 5 (mod 8). 
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Proof. Exactly as done for Lemma 4. 
THEOREM 9. 
+ (q - l)(l - 3qXz + 2qrX”) 
1 - 6qX2 + 8qrX3 + (q2 - 4qr2) X4 ) 
zy q = 1 (Pnod S), 
f N,X” = ‘( ’ 
1-G 
+ 
(q - l)(l + 4X2 + 2qrX3) 
S=O 4 1 + 2qX2 + 8qrX3 + (9q2 - 4qr2) X4 1 
zyq = 5 (mod 8). 
ProoJ Exactly as done for Theorem 5. 
We note that the polynomials of Lemma 7 factor over the rationals in 
many special cases, and refer the reader to [3] for details. 
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